Abstract. We prove that the clique number of the Paley graph is at most a p{2`1, and that any supposed additive decompositions of the set of quadratic residues can only come from co-Sidon sets.
Introduction
Let Z d denote the d'th roots of unity belonging to a field F, which is to say, the solutions to z d " 1. Then Z d forms a multiplicative subgroup of the units of F, and number theoretic intuition leads one to expect that Z d not possess too much additive structure. There are a number of ways to interpret such a statement, and in this article we will be concerned with sumset decompositions
for non-singleton subsets A and B of F, where A`B " ta`b : a P A, b P Bu.
Since sumsets have some additive structure, this type of decomposition seems unlikely outside of very particular situations. On the other hand, since we impose no further constraints on A and B, their sumset is generally not structured enough to make strong additive statement, and problems involving sumset decompositions are often very difficult to get a handle on for this reason. One heuristic for there to be no sumset decomposition of Z d is that addition is linear, and the property of being a multiplicative subgroup feels very much non-linear. When F " C, this is solidified by the fact that the roots of unity are cocircular. We dispose of this case here.
Proof. Assume 2 ď |A| ď |B|. Let a 1 , a 2 P A be distinct. Then, since Z d Ă S 1 (the unit circle in the complex plane) we have that a 1`B and a 2`B are subsets of S 1 . But
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We remark that the condition d ą 4 is crucial here. If d ă 4, Z d is too small to admit a non-trivial sumset decomposition, and when d " 4
yields a non-trivial sumset decomposition of the fourth roots. Turning to finite fields, the full group of units is now contained in a line, so the above argument is lost. Indeed, if p ě 5 then
is a non-trivial sumset decomposition of the full group of units. However, we expect that no such decomposition holds when 4 ă d ă p´1. In this setting, sumsets contained in Z d and, more broadly, the additive distribution of Z d has a rich history. Of particular interest is the case d " pp´1q{2 so that Z d consists of the quadratic residues. Traditionally, attacks on these problems make use of cancellation in character sums such as
is a multiplicative homomorphism of Fp , often extended to F p via χp0q " 0. Basic estimates for S χ pA, Bq date back at least as early as Vinogradov (e.g. Exercise 8 in Chapter 5 of [V] ).
Theorem (Vinogradov) . For any subsets A and B of F p and any non-trivial multiplicative character χ, we have the estimate
It is at this point worth observing that the sum S χ pA, Bq can never be larger than |A||B| in modulus, as it is a sum of numbers χpxq of modulus at most 1. Any improvement on the estimate |A||B| is called non-trivial, and so we see that Vinogradov's theorem provides a non-trivial estimate when |A||B| ą p.
An interesting feature of Vinogradov's estimate is that while it is totally elementary to prove, it is still the best known estimate for S χ pA, Bq. However, a much stronger range of non-trivial estimates is conjectured.
Conjecture. For any ε ą 0, once p is sufficiently large in terms of ε, then |S χ pA, Bq| ă |A||B| for all sets A, B Ď F p subject only to the condition |A|, |B| ą p ε .
In the case that A or B is highly structured, Vinogradov's estimate can be improved. Theorems of this sort can be found in [Bu1] , [Bu2] , [FI] , [Ch] , [SS] , [SV] and [Vol] . For completely general sets, [BMR] provides a slight improvement for certain primes, while one also has a very modest improvement if we replace a two-fold convolution with a three-fold convolution, which means estimating
This was carried out by the first author in [Ha] . A particular implication of Vinogradov's estimate is that if A and B are subsets of F p with the property that A`B Ď Z d for some d properly dividing p´1, then we must have |A||B| ď p.
A related question is the estimation of the clique number ωpG p q of the Paley graph G p . Recall that when p " 1 pmod 4q, the Paley graph G p is the Cayley graph on the additive group F p generated by the quadratic residues. The best known bound follows from Vinogradov's estimate, and [MP] provides the slight improvement for certain primes ωpG p q ď ? p´4. The main theorem of this paper is a refinement of these estimates and relies on Stepanov's method of auxiliary polynomials. See [H-BK] for another application of Stepanov's method to an additive problem of roots of unity. Further reading on this conjecture can be found in [Sa] , [Shk1] , [Shk2] , and [Shp] . With our theorem, we have made the following contribution to Sárközy's conjecture. After the first draft of this article was made available, George Shakan observed that by combining previous work on Sárközy's conjecture and Ford's work on divisors, Theorem 1.2 implies that Sárközy's conjecture must in fact hold for almost all primes. Below, πpxq denotes the number of primes p ď x. Corollary 1.4 (Shakan). As x tends to infinity, the number of primes p ď x such that there exist non-singleton sets A, B Ď F p with A`B " Z p´1 2 is opπpxqq.
Proof. Call the primes in question bad primes. It will suffice to show that for x sufficiently large, the number of bad primes p with x{e ď p ď x is opx{ log xq. Indeed, if this is the case, then there are at most
o pπpxqq bad primes up to x, by the Prime Number Theorem. So, let p be a bad prime in the interval rx{e, xs and suppose A`B " Z p´1 2 for subsets A, B Ă F p with |A| " M ą 1 and |B| " N ą 1. By Corollary 1.3, p´1 " 2MN, and moreover Shkredov has proved that 1 6´o p1q˙?p ď M, N ď p3`op1qq ? p, see [Shk1] . It turns out that primes of such a form are rare. To see this we proceed as follows. For 0 ă y ă z, let we let τ pn; y, zq denote the number of divisors d of n which satisfy y ă d ď z, and for x ě 1 we write Hpx, y, zq " |tn : 1 ď n ď x, τ pn; y, zq ě 1u|, and P px, y, zq " |tp : 1 ď p ď x, p prime, τ pp´1; y, zq ě 1u|.
Assuming (as we may) that M ď N, then M is a divisor d of p´1 with 1 100 ?
provided p is sufficiently large. So with z " ? x and y " ? x{100 we have P px, y, zq ! Hpx, y, zq log x by Theorem 6 of [F] . Next by Theorem 1 part (v) of [F] , with u " logp100q{ logpyq, we have Hpx, y, zq " opxq (in a stronger quantitative sense, in fact), and the corollary is proved with one additional application of the Prime Number Theorem.
In a similar vein when A`B " Z d Y t0u for some d properly dividing p´1, all non-zero sums a`b must be distinct. In the case A "´B, the theorem implies the following bound on the clique number of Paley graphs. Corollary 1.5. Let p be a prime, d properly dividing p´1 and suppose A Ď F p is such that A´A Ď Z d Y t0u. Then |A|p|A|´1q ď d. In particular, for p " 1 pmod 4q, we have
A third corollary is a variant of Sárközy's Conjecture which concerns decompositions of the form
This type of decomposition was considered in [LS] with the extra property that every element of Z d has a unique representation in A´A. It was noted there that this is possible for only a thin set of primes. As a direct corollary from Theorem 1.2, this property is necessitated by the very existence of the decomposition. then the prime p is of the form
for some odd integer n, and hence there is no decomposition A´A " Z d for almost every prime.
Proof of Theorem 1.2
Proof. Suppose |A| ď |B|, enumerate A as A " ta 1 , . . . , a M u, and let r " |B X p´Aq|. When M " 1 the result is immediate. When M ą 1 we make use of Stepanov's method of auxiliary polynomials. Let c 1 , . . . , c M be not all zero and subject to the constraint that the polynomial
is a constant. This is possible since there are M´1 coefficients of non-constant powers of x in G that must be made zero and M variables at our disposal. Let
be the resulting constant, which is necessarily non-zero since some c k ‰ 0, and the system in question is of Vandermonde type. Since Gpxq is a constant, G pjq pbq " 0 for any b and j ą 0. By the Binomial Theorem, the M leading coefficients of F are of the form D l˙ÿ k c k a l which vanish for l ă M´1 by our choice of c k but not for l " M´1. Hence F has degree D´pM´1q " d and is, in particular, non-zero. Next, for b P B X p´Aq and all 1 ď k ď M, pb`a k q d`1 " pb`a k q so
Similarly, if we differentiate F a total of j times, where 1 ď j ď M´2, we get 
